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S U1MMARY  
An expression is deduced for the wave drag of a 
fully tapered swept wing of arbitrary section in the 
convenient form of a double integral involving the 
variation of wing-surface slope. 	 It is concluded, 
in the general case, that the drag may best be computed 
by numerical integration, the method for which will be 
the subject of a further report. 
In certain cases, however, the drag may be deduced 
for simple sections by direct integration, notably for 
the condition that J2-1 cot A is small (where 11
, 
is the half-chord spree back). 
	
Some results are quoted 
for this condition. 
	 Calculations suggest that the 
results thus obtained are aporoximately valid for 
47-1 cot 1\1  <70.3, and A tan_i /  .} 21. 	 It is shown 
2 
that, in this range, the relative drag of different 
wing sections, with the same root thickness and the 
same sweep on the maximum thickness line, is roughly 
that for the infinite wino,. (which has been deduced 
elsewhere); except that there is some rise(or fall) 
in the drag with decrease in aspect ratio A, due to the 
presence of a convex (or concave) curvature aft of the 
maximum thickness. 
A further result deduced is that the drag of a fully 
tapered wing tends to a lower limit than that of an 
untapered wing, as the aspect ratio becomes infinitely 
large. 
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. 	 1) 
a 	 = l 	 (k)•" ' 
imi  in Appendix III only. 
a
n 	
Coefffcients of Fourier expansion for z' (k) - see 
equation (18). 
c 	 Wing root chord. 
g( 9y,m) defined by equation (3) of Appe_idix I. 
h(A,K,-(1) defined by equation (12) of Appendix I. 
j 	 defined by equation (1) of Appendix I. 
it 	 defined by equation (12) of Appendix T. 
where E is defined as in Appendix I. 
cotangent of angle of sweep. 
m(a) 	 cotangent of angle of sweep of spanwise line 
which is placed at a fraction T  of chord. 
n 	 maximum thickness position as fraction of chord. 
Perturbe.ion pressure. 0 
= pUL  
r 	 radius of curvature cf wing leading edge at 
root section. 
s 	 wing semi-span. 
t 	 maximum wing thickness (of root section) 
w 	 upwash perturbation velocity 
x,y9z 	 system of cartesian co-ordinates with origin at 
wing apex, with the positive x-axis lying down-
stream of apex along wing root, and the plane of 
the wing being z = O. 
z(x) 	 the wing semi-ordinate at the root section at a 
distance x from the apex. 
A 	 wing aspect ratio (. 4s/e) 
wing wave drag at zero lift. 
H(a) 	 = 0 if a < 	 = 1 if 	 O. 
I(A,K) 	 defined by equation (15) of Appendix I. 
I0k,k),I2(A,K) defined by equation (22) of Appendix T. 
I3 (N,N) 	 defined by equation (3) of main text. 
(rt 	 defined by equation (16) of Appendix I. 
free-stream Mach Number. 
P defined by equation (6) of main text. 
+(,t{}defined by equation (9) of main text. 
R
-{ 	 'the real part of 
11,  1'. 
S :ing area 	 se) 
U free-stream velocity 
X 	 defined by equation (12) of Appendix I. 
Z ) 	 = t z(kc) 
/A,. 
s w e e p b a c k  o f  t h e  s p a n w i s e  l i n e  w h i c h  i s  a  f r a c t i o n  
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1 F  
 m ( a c ) ] .  
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1. Introduction. 
At the present time the greatest need in assessing 
the theoretical wave drag of swept wings at supersonic 
speeds, is for some yardstick by which we may assess the 
effect of wing-section upon :crag, 	 Numerical results 
are available from linearized theory for wings of double-
wedge section for a veriety of planforms, and for untapered. 
1 
wings of biconvex section. 	 However most of the swept 
wings envisaged for supersonic aircraft have round-nosed 
sections, and apart from a single solution existing for 
wings of infinite span2, no theoretical information is 
available for the drag of wings with such sections. This 
solution is of some value in suggesting the drag of 
untaoered wings of finite aspect-ratio, because the bulk 
of the drag at low supersonic speeds derives from the flow 
near the root•, but if applied to tapered wings one cannot 
properly account for the interaction of the varying effective 
angle of sweepback over the section on the total drag. 
It is known for instance that for fully-tapered wings 
of double-wedge section the drag is reduced at low supersonic 
speeds by putting thy,  maximum thickness line forward, so that 
it is more highly swept3. 	 Whilst, of course, such a step 
eould not be envisaged without taking into account the 
effects of such an alter9tion of the section upon the other 
characteristics of the wing, nevertheless it appears to be 
an important consideration in YAng design. 
However there has as yeti been no method suggested for 
computing the drag of tapered wings of other sections than 
the double-wedge, except by the rather laborious process 
of approximating to the section shape by a polygon4. Our 
first concern here is then to formulate the problem and find 
the expression for the drag of a tapered wing assuming a 
cornletely arbitrary section. 
We do this here for a fully-tapered wing, with a 
geometrically similar section at each chordwise station 
along the span. 
	
For the purposes of the discussion the 
slope of the section is assumed continuous a]though we 
shall afterwards discuss the validity of the results if 
the section slope is discDntinuous. 
/The... 
T h e  a n s w e r  m a y  b e  w r i t t e n  d o w n  a s  a  d o u b l e  i n t e g r a l ,  
i n v o l v i n g  o f  c o u r s e  a n  e x p r e s s i o n  f o r  t h e  v a r i a t i o n  o f  
t h e  s e c t i o n  s l o p e ,  a : n 7 1  i n c l u d i n g  p a r a m e t e r s  w h i c h  r e l a t e  
t o  t h e  w i n g  n l a n f o r m  a n d  f r e e • s t r e a m  M a c h  N u m b e r .  
	
T h e  
i n t e g r a n d  i s  a  l e n g t h y  e x p r e s s i o n ,  a n d  e v e n  i f  t h e  w i n g  
s e c t i o n  c o u l d  b e  e x p r e s s e d  b y  a  s i m p l e  f o r m u l a ,  i t  s e e m s  
d o u b t f u l  w h e t h e r  i n  t h e  g e n e r a l  c a s e  t h e  i n t e g r a t o n s  
c o u l d  b e  p e r f o r m e d  t o  y i e l d  a  v a l u e  f o r  t h e  d r a g  i n  t e r m s  
o f  k n o w n  f u n c t i o n s  s f  t h e  o l a n f o r m  a n d  M a c h  N u m b e r  p a r a m e t e r s .  
I n  v i e w  c f  t h i s  c o n s i d e r a t i o n ,  a n d  i n  v i e w  o f  t h e  
a d d i t i o n a l  f a c t  t h a t  v e r y  f e w  w i n g  s e c t i o n s  c a n  b e  
e x p r e s s e d  a d e q u a t e l y  e v e n  b y  m e a n s  o f  a  c o m p l i c a t e d  f o r m u l a ,  
i t  i s  d e s i r a b l e  t o  c o n s i d e r  a  n u m e • i c e l  m e t h o d  o f  i n t e g r a t i o n ;  
t h i s  w i l l  b e  t h e  s u b j e c t  o f  a  l a t e r  r e p o r .  
	
I n  t w o  
p a r t i c u l a r  c a s e s ,  h o w e v e r ,  d i r e c t  i n t e g r a t i o n  i s  p o s s i b l e  
f o r  w i n g s  w i t h  s i m p l e  s e c t i o n  s h a p e s  ( i n c l u d i n g  s o m e  w i t h  
b l u f f  n o s e s ) .  	
O n e  c a s e  i s  t h a t  o f  t h e  w i n g  o f  i n f i n i t e  
s p a n ,  a n d  t h i s  h a s  a l r e a d y  b e e n  s t u d i e d ;  t h e  o t h e r  c a s e  
i s  t h e  o n e  w h i c h  w i l l  b e  c o n s i d e r e d  i n  s o m e  d e t a i l  h e r e ,  
a n d  w h i c h  w e  s h a l l  c a l l  t h e  a p p l i c a t i o n  t o  ' s l e n d e r  w i n g s '  
o r ,  i n  o t h e r  w o r d s ,  w i n g s  o f  h i g h  s w e e p b a c k .  
T o  b e  m o r e  p r e c i s e  i t  i s  s h o w n  i n  p a r a .  2 . 4  t h a t  i f  
A  i s  t h e  w i n g  a s p e c t  r a t i o  a n d A
1  
 i s  t h e  h a l f  c h o r d  
s w e e p b a c k  a n g l e ,  t h e n  f o r  s m a l l  v a l u e s  o f  t h e  p a r a m e t e r  
. A / M
2
- 1  c o t  1 \
1 ,  t h e  e x p r e s s i o n  f o r  t h e  d r a g  m a y  b e  
d e v e l o p e d  a s  a  p o w e r  s e r i e s  i n  
, t 2  
o f  t h e  f o r m  
f
o
( A  
t a n A  
r )  	 f ,  A  
t a n  A i  ) i - L
2  
w h e r e  t h e  f u n c t i o n s  f
o ,  f „ . . . .  o f  ( A  
t a n  A  i )  a r e  b o u n d e d  
p r o v i d e d  t h e  w i n g  b r o i l i n g  
e d g e  i s  s w e e p b a c k  
	 t h e  v a l u e  
o f  A  
t a n  1 1
1  e x c e e d s  2 ) .  T h u s  f o r  h i g h l y  s w e p t ,  o r  
' s l e n d e r ' ,  w i n g s  ( w h e r e  c o t  . 1 \ ,  — 3 0 ) ,  t h e  e x p r e s s i o n  f o r  
t h e  d r a g  r e a c h e s  a  f i n i t e  l i m i t i n g  v a l u e  w h i c h  i s  a  f u n c t i o n  
o f  A  t a n "  
i y  	
t h i s  l i m i t i n g  v a l u e  i s  a t  l e a s t  a  g o o d  
a p p r o x i m a t i o n  e v e n  i f  s ,  i s  n o t  z e r o  b u t  m e r e 1 7 )  s m a l l .  
	 T h e  
s a m e  l i m i t i n g  v a l u e  a p p a r e n t l y  a p p l i e s  i f  M - 1 ,  b u t  o f  
c o u r s e  i t  m u s t  b e  b o r n e  i n  m i n d  
n o t  s t r i c t l y  a p p l i c a b l e  t o  t h i s  
s a m e  k i n d  o f  r e s t r i c t i o n s  a p p l y  
a r e  i n v o l v e d  i n  t h e  d e v e l o p m e n t  
a s p e c t  r a t i o '  o r  
' s l e n d e r  w i n g '  
s i n g  d e v e l o p e d  b y  
H .  T . J o n e s  
a n d  
t h a t  t h e  l i n e a r  t h e o r y  i s  
c o n d i t i o n .  	
I n  f a c t ,  t h e  
t o  t h i s  a p p r o x i m a t i o n  a s  
o f  t h e  w e l l  k n o w n  ' l o w  
t h e o r i e s  o f  t h e  l i f t i n g  
o t h e r s .  
/ T h e . . .  
The expression for the drag in this limiting condition 
is again a double integral, but is considerably simpler 
than the general expression to evaluate, so that a fairly 
wide numerical survey of the drag of various wing sections 
can reasonably be undertaken. 
	 The results of this 
'slender wing' theory can be used to reach certain conclusions 
about the relative drab 
 of various sections over a range of 
aspect ratio, and provide a check on our results in relation 
to data already published, as well as enabling subsequently 
an assessment of the accuracy of the processes of numerical 
integration try be made. 
2. The Expression for the 
 Drag. 
The details of the mathematical argument will be found 
in Appendix I. 
	 Briefly the method is first to represent 
the wing by a superposition of source planes (re-presenting 
one integration). the pressure distribution for which has 
then to be integrated over the wing area to give the drag 
force (representing two further integrations). 	 By suitable 
choice of oblique axes, one of these integrations (representing 
the drag of one elementary source plane on a spanwise line 
across the wing) may be conducted without knowledge of the 
wing ordinates. 
	 The resulting expression for the drag is 
then, by suitable modification, expressed as a double integral, 
the kernel of which includes the expression for the wing slope 
Z T OO 	 2ccl-z()' t 	 dx 	 x  
where c is the root cnord, t the root maximum thickness, 
and z(x) is the wing semi-ordinate at the root at a distance 
x aft of the wing apex. The remainder of the kernel is a 
complicated expression involving the parameters 
1 A tan A .0 - 	 A tan _/\41 	 - 7  




which may best be expressed in different ways according to 
the eosition of the Mach lines from the apex on the wing. 
In the following paragraphs these various expressions 
are written dawn, and are extracted from the final results 
enunciated in the Appendix I. 
	 In some particular cases 




a n d  t h e s e  c a s e s  a r e  n o t e d ,  a n d  t h e  s i m p l i f i c a t i o n s  c o n d u c t e d ,  
i n  t h e  f i n a l  s e c t i o n  o f  t h i s  p a r a g r a p h .  
2 . 1  B o t h   L e a d i n g  a n d  T r a i l i n g  E d g e s  S u b s o n i c  
	
( C A S E  I )  
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a n d  w h e r e  
A  =  
a n d  
K  =  
T h e  p a r a m e t e r s  . a  a n d  0  
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I t  s h o u l d  b e  
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= - L 
and K = 0 - k. 
Both A and K are in this case less than c. 
2.3 Leading Edge Subsonic, and  Trailing Edge Supersonic 	 (CASE III) 
This is Case III of the Appendix I, and the relevant 
result is obtained from equations (35) and (36). 	 It is 
the most complicated case to deal with, since we must divide 
the range of integration over the wing surface so as to 
isolate the regions of 'subsonic' and 'supersonic' flow. We 
have from the A-Irendtx I that 
D ..1 	 I Z: ( -012 	 2o2°-Q" (.1- 	 ,  dv ± --I 
	 clt 	 ZT (i')7,1 (k)P,Ic)-F10(1?„>di 
t2cot2A
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ii 	 30 	 l L'o-ra 
(3) 
Here the functions p and Q, and the variables A and K have 
been defined before in equations (4), (5) and [7) above: the 
function: 
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( 9 )  
2 . 1 4  S o m e  P a r t i c u l a r  C o n d i t i o n s .  
T h e s e  g e n e r a l  f o r m u l a e  a r e  r a t h e r  t o o  c o m p l i c a t e d  
f o r  i n t e g r a t i o n  i n  t e r m s  o f  k n o w n  f u n c t i o n s ,  u n l e s s  
( p e r h a p s )  t h e  s u r f a k . , _ . 1  s h a p e  w e r e  e x p r e s s a b l e  i n  a  
p a r t i c u l a r l y  s i m p l e  m a n n e r .  
	
H o w e v e r  f o r  a  f e w  p a r t i c u l a r  
t y p e s  o f  p l a n f o r m  o r  r a n g e s  o f  M a c h  N u m b e r ,  i t  i s  p o s s i b l e  
t o  d e v e l o p e  e x p r e s s i o n s  w h i c h  p e r m i t  i n t e g r a t i o n  e v e n  f o r  
c o m p l i c a t e d  s e c t i o n  s h a p e s .  
	
T h e s e  f u r t h e r  c a s e s ,  w h i c h  
a r e  a r r i v e d  a t  b y  a s s i g n i n g  . . : . e r t a i n  l i m i t i n g  v a l u e s  t o  
t h e  p a r a m e t e r s  
c  
 a n d  0 ,  w i l l  n o w  b e  d i s t i n g u i s h e d .  
C a s e  I V  :  	
r x : ) ,  	
<  1 ) .   
T h i s  i s  a  -
p a r t i c u l a r ,  e x a m
- 2 1 e  o f  C a s e  T y  f r o m  ( 4 )  
9  
e x p a n d i n g  P  ( . , K )  a s  a  s e r i e s  o f  p o w e r s  i n  
-(4  
P  	 K )  =  C i   + C 2  
 s g n  ( K -  
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N o t i n g  t h a t ,  s i n c e  Z  ( 0 )  =  Z  ( 1 )  =  0
9   
1  
d-
t  1  r i : , i
( k ) V ( X ) f k  =  I  Z T  ( - ? ) Z ( t ) d k .  = 0  
o  	
0  	
J  0  
A v e  
we have in the equations (3) after substituting from (10) that: 
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	  2 o  V(k)Zg(t) 
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Case J: a 
	 009 a = 0(1) 	 1.  
This is a particular example of Case II; and from (7) 
expanding Q(;N,K) as a series of --, we easily establish that 
a 
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where S is the wing plan area, it follows that 
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Case VI : 	 a > 1. 
This is e particular example of Case I, again; expanding 
p(A9K) about 	 = 0, we find from (4) that 
P(JK)- 	 (K--qfn 
(A+ l'<) 
a+ 2 	 - 2[K  + 21(1 
(A+K) 
+ 	 (a2  ) + 1[--2  
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( 1 3) 
K-A 
  
Thus in (3) 
D 	 0,2 ri = 	 0 z  ,„ (kr  , (c\.12t.ir + 12n1  
qt2cot2Ao 	 j 	 ,)N 	 K-A 	 K 	 Alc 0 	 - 0 
We note that as a--cy3, it follows from equat)c on (11) 
that the error is not merely 0(a2) but 0(-,2) 2 .  Also 
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(1 4 )  
I t  i s  s o m e t i m e s  m o r e  c o n v e n i e n t  t o  r e f e r  t o  t h e  h a l f  
c h o r d  s w e e p b a c k  ( A
1
)  r a t h e r  t h a n  t h a t  o f  t h e  l e a d i n g  e d g e  
2  
o
) Y  i n  g e n e r a l  
c o t A
a  
=  c o t  	





s o  t h a t  i n  ( 1 4 )  w e  o b t a i n  a n  e x p r e s s i o h  f o r  D / q t
2  
 c o t ,
2   
f i
l   b y  
r e  l a c i n g  o  b y  ( o - f l .  
3 .  
T h e  C a s e  o f  t h e  S e c t i o n  w i t h  D i s c o n t i n u o u s  S u r f a c e  S l o p e .  
I t  i s  u n n e c e s s a r y  t o  e x a m i n e  i n  d e t a i l  e a c h  s t a g e  o f  t h e  
a r g u m e n t s  w h i c h  l e a d  e v e n t u a l l y  t c  t h e  e o u a t i o n s  ( 3 )  t o  ( 1 4 )  
i f  t h e  e x p r e s s i o n  5 7 , ' ( k )  i s  n o t  c o n t i n u o u s  a s  h a s  b e e n  a s s u m e d .  
F o r  t h e  m o s t  p a r t ,  i t  w i l l  b e  s u f f i c i e n t  t o  s h o w  t h a t  f o r  t h e  
k i n d  o f  d i s c o n t i n u i t i e s  e n v i s a g e d  t h e  i n t e g r a l s  i n v o l v e d  i n  
t h e  e q u a t i o n s  r e m a i n  c o n v e r g e n t .  
T h e  i n t e g r a l s  a r e  a l l ,  i n  f a c t ,  a b s o l u t e l y  c o n v e r g e n t  
i f  7
1
( k )  i s  m e r e l y  b o u n d e d  o v e r  t h e  r e g i o n  o f  i n t e g r a t i o n ,  
s o  t h a t  t h e  o n l y  e a s e  i n  d o u b t  i s  t h a t  i n  w h i c h  7, ' ( k )  i s  
s o m e w h e r e  s i n g u l a r .  	 T h e  m o s t  c o m m o n l y  o c c u r r i n g  c a s e  i s  
t h a t  f o r  w h i c h  7 ' ( k )  h a s  a  s i n g u l a r i t y  o f  h a l f - o r d e r  a t  t h e  
/ l e a d i n g . . .  
. n o c c e -
o t  i n  t h e  c a s e  w h e r e  o  =  1 ,  	 =  0 ,  w h i c h  c o r r e s p o n d s  t o  
t h e  d e l t a  w i n g  a t  M  =  1 .  
	 H e r e  t h e  d o u b l e  i n t e g r a l s  a r e  
n o n - c o n v e r g e n t  a n l e s s  7 . , ' ( k )  i s  z e r o  a t  k  =  1  ( i . e .  t h e  t r a i l i n  
e d g e  i s  c u s p e d ) .  
leading-edge : this corresponds to a wing section with a 
bluff, or radiused,nose such as is common to all conventional 
low speed aerofoils. 
	 It is easy to show that for such a 
condition the integrals remain convergent, unless the line 
of the singularity on the wing plan form is 'supersonic', 
(i.e. it lies ahead of tho Mach lines); in this case the 
single integral in equations (6) or (8) is non-convergent. 
One further point does arise in connection with the 
evaluation of the drag of such bluff nosed sections : R.T.aones 
has pointed outs that the drag of such sections has to be 
estimated with care as there is, on the basis of the linearised 
theory, an edge force at the nose which is not included by 
the usual methods of integrating normal pressures over the 
wing to yield the resultant drag. 	 This edge force exactly 
cancels a term which occurs in the integrations and whi,:h has 
the form 
do I  Z '  
0 4o 	 k 
ThiT, repeated integral is non-zero if, and only if, the 
function Z' (k) is singular in the range of integration; and 
the edge force exists if, and only if, the slope (given by 
the same function) is infinite at the nose. 	 It will be 
noted that in our arguments in Appendix I where Z' (1.) is 
assumed continuous, and so bounded,a repeated integral of 
the form of that given above has been isolated and shown to 
vanish; this occurs in the derivation of equation (25) based 
on the arguments advanced in Appendix II. 	 If we are to 
consider singularities in Z' (k) it follows that this repeated 
integral no longer vanishes : however, as we show in Appendix 
III, it yields a value which is precisely cancelled by the 
inclusion of the appropriate edge force as obtained from 
ref.5, so that its neglect is quite justified whether or not 
the surface slope is anywhere infinite. 
Of course, the usual reservations must be made if we 
are to consider the drag of round-nosed sections by the 
linear theory : but in so far as it has yet to be shown 
whether the answer obtained by it is at all reasonable, it 
is evidently desirable to have a method of estimating it. 
4. The Particular Cases for which the Expressions for the Drag 
are Simplified. 
In the discussion of para.2)  we found that in the three 
/conditions... 
-  1 L .  -  
c o n d i t i o n s  d e s i g n a t e . f,   a s  C a s e s  I V ,  V  a n d  V I ,  t h e  e x p r e s s i o n  
f o r  D  w a s  g r e a t l y  s i m p l i f i e d .  W e  s h a l l  c o n s i d e r  t h e s e  o n e  
b y  o n e .  
C a s e  I V  i s  t h a t  o f  t h e  i n f i n i t e  s w e p t  w i n g  w i t h  s u b s o n i c  
e d g e s ,  o r  o f  t h e  h i g h l y  s w e p t  w i n g  o f  f i n i t e  a s p e c t  r a t i o .  
T h a t  i s ,  i t  i s  t h e  r e s u l t  f o r  t h e  c o n d i t i o n  
- -  4 = c : i . e .  
	  
c  c o t
j o , , - *  0 0 ,  a n d  4
o  	
c o t A
o  




, h i c h  m a y  b e  i n t e r p r e t e d  e i t h e r  a s  
c o  ( c o t  A
0  
 f i n i t e ) ,  
8  c o t  
A 3  
 <  1 .  
o r  	
n o t  s m a l l )
)   
1   
c o t  
, N o  
B e c a u s e  i t  h o l d s  f o r  t h e  i n f i n i t e  w i n g ,  w e  r i o u l d  e x p e c t  t h e  
r e s u l t  t o  a g r e e  w i t h  t h a t  a l r e a d y  p u b l i s h e d  f o r  s u c h  w i n g s .  
A  c o m p a r i s o n  w i t h  t h e  r e s u l t  o f  r e f . 2  r e v e a l s  t h i s  a g r e e m e n t  
2  	 .  
w i t h  o n e  e x c e p t i o n  -  t h a t  a  f a c t o r  ( 3 -
0
)  i s  r e p l a c e d  i n  
( 1 1 )  b y  t h e  f a c t o r  ( ' - 4 ) .  
T h i s  d i s c r e p a n c y  i s  a t  f i r s t  s i g h t  i r r e c o n c i l a b l e  :  
h o w e v e r  i t  w i l l  b e  n o t e d  t h a t  t h e  r e s u l t s  f o r  r e f . 2  w e r e  
d e r i v e d  b y  c o n s i d e r i n g  t h e  d r a g  o f  t h e  i n f i n i t e  w i n g  a s  t h e  
l i m i t  o f  t h a t  f o r  a n  u n t a p e r e d  w i n g  o f  l a r g e  a ? a n ,  w h e r e a s  
h e r e  i t  i s  t h e  l i m i t  o f  t h a t  f o r  a  f u l l y  t a p e r e d  w i n g .  
T h e  f a c t  e m e r g e s  t h a t  t h e  l i m i t i n g  v a l u e s  a r e  d i f f e r e n t ,  
w h i c h  m a y  b e  s u b s t a n t i a t e d  b y  e x a m i n i n g  t h e  t r e n d s  i n  
n u m e r i c a l  c o m p u t a t i o n s  c a r r i e d  o u t  f o r  b o t h  t y p e s  o f  w i n g  
( t a p e r e d  a n d  u n t a l p e r e d )  f o r  p l a n - f o r m s  o f  f i n i t e  a s p e c t  
r a t i o .  	
F i g u r e  1  s h o w s  s o m e  r e s u l t s  e x t r a c t e d  f r o m  r  
e f .  1 ,  
w h e r e  i t  w i l l  b e  s e e n  t h a t  f o r  t h e  s a m e  r o o t  w i n g  s e c t i o n ,  
M a c h  N u m b e r ,  a n d  h a l f - c h o r d - l i n e  s w e e o b a c k ,  t h e  d r a g  o f  t h e  
f u l l y  t a p e r e d  w i n g  i s  c o n s i d e r a b l y  s m a l l e r  a t  h i g h  a s p e c t -  
r a t i o  t h a n  t h a t  o f  t h e  u n t a e r e d  w i n g .  
	 T h e  f a c t  t h a t  t h e y  
a r e  n o t  t h e  s a m e  i s  u n d e r s t a n d a b l e ,  b u t  t h a t  t h e y  d o  n o t  
t e n d  t o  a p p r o a c h  e a c h  o t h e r  a s  t h e  a s p e c t  r a t i o  i n c r e a s e s  
i s  a t  f i r s t  s i g h t  a  s u r p r i s i n g  r e s u l t ,  f o r  t h e  w i n g  p l a n  
f o r m s  i n  t h e  l i m i t  w o u l d  s e e m  t o  c o i n c i d e  n e a r  t h e  r o o t ,  
w h e r e  m o s t  o f  t h e  d r a g  i s  d e v e l o p e d .  
Y e t  t h e  s e e n  o f  t h e  t a p e r e d  w i n g  i s  o n l y  a  h a l f  t h a t  
o f  t h e  u n t a
-
) e r e d  w i n g  
w i t h  w h i c h  i t  i s  c o m p a r e d ,  a n d  i t s  
/ a r e a . . .  
- 15 - 
area is only a quarter of that of the untanered wing, and 
of course this applies even as the aspect ratio increases 
to infinity. For this reason the smaller drag of the 
tapered wing does not seem unreasonable. 
	
There are, too, 
other properties of wings of infinite span which suggest 
that the value of the property depends on the manner in 
which one reaches the limiting answer. 	 Consider, for 
example, the aerodynamic centre of a laminar delta wing: 
2 this is (theoretically) 
	 the 7 c. point of the root-chord 
independent of aspect ratio, however large this may be: yet 
as we allow the asPeat ratio of a straight (rectangular) 
wing to increase, on the other hand, its aerodynamic centre 
moves aft to the :1—chord point of the root-chord. 	 In the 
limit both delta wing and rectangular wing a'apear to have 
the same planform if the aspect ratio is infinite, and yet 
the aerodynamic centre of the wings is at a different 
position. 
Returning to our consideration of Case IV, since, 
apart from the slight modification mentioned - which only 
affects the variation of the drag with 1..10, - the results 
of this case Inave already been discussed in ref.2, we shall 
not draw any further conclusions here about the effect of 
section shape on the drag of any of the planforms the case 
includes. 
For is Case V of any great interest : this result 
(ec!uation (12) ) merely states that if a. is sufficiently 
large, to a good approximation the drag coefficient of the 
wing (based on its plan area) is the same as that for the 
same wing section in two-dimensional flow at the free-stream 
Mach Nu=mber. 	 The conditions for this to be true are that 
= 	 CO, CY - 
	
 = 
	 (1 ) 
	
1. C cotes 
 
which implies either that the Mach Number of flight is 
very high, or that the aspect ratio is high but the sweepback 
is small: in either case the flow is two-dimensional outside 
the Mach Cone from the wing apex, and this latter affects 
only a negligible portion of the wing. 
	
Strictly the two 
conditions may be expressed as : 
either 6 -4 0Q, 
	 and cot110  not small 
or 	 cc 	 o t .1\ 	 C (L ) 
	 ( not small). 
/This... 
-  1 6  -  
T h i s  d e d u c t i o n  a b o u t  t h e  d r a g  c o e f f i c i e n t  o f  s u c h  p l a n f o r m s  
h a s  b e e n  n o t i c e d  b e f o r e ,  o f  c o u r s e .  
O f  g r e a t e s t  
i n t e r e s t  
t o  u s  h e r e  i s  C a s e  V I ,  w h e r e  
a  	
0  a n d  c  >  1 .  
A s  i s  s h o w n  i n  t h e  d i s c u s s i o n  o f  t h e  f o r m u l a e ,  i t  i s  
s u f f i c i e n t  i n  d e r i v i n g  t h e s e  r e s u l t s  
i f  
w e  a s s u m e  
o
-
÷  0 ,  a n d  ( 5  >  1 .  
T h e s e  c o n d i t i o n s  m a y  b e  i n t e r p r e t e d  a s  m e a n i n g  t h a t  e i t h e r  
t h e  M a c h  N u m b e r  i s  n e a r  u n i t y ,  o r  t h a t  t h e  l e a d i n g - e d g e  
s w e e p
-
b a c k  i s  h i g h  ( p r o v i d e d  i n  e i t h e r  c a s e  t h e  t r a i l i n g - e d g e  
i s  s w e p t  b a c k . )  	
T h e  c o n s i d e r a t i o n  o f  t h e  ? i m i t  M - 1 1  i s  
n o t  s t r i c t l y  j u s t i f i a b l e  o n  t h e  b a s i s  o f  t h e  l i n e a r  t h e o r y ,  
s o  t h a t  w e  s h a l l  r e s t r i c t  o u r  i n t e r p r e t a t i o n  t o  t h e  c o n d i t i o n  
t h a t  t h e  w i n g  s w e e p  i s  h i g h  s o  t h a t  
c o t  A o  	
0 .  	
( ?  f i n i t e )  
w h e r e a s  i n  C a s e  F l ,  w e  c o u l d  a l s o  c o n s i d e r  s u c h  h i g h l y  
s w e p t  w i n g s ,  b u t  o n l y  t h o s e  o f  f i n i t e  a s p e c t  r a t i o ,  w e  m a y  
n o w  c o n s i d e r  a l s o  t h o s e  o f  s m a l l  a s p e c t  r a t i o  a s  w e l l .  F o r  
t h i s  r e a s o n  w e  s h a l l  d i s t i n g u i s h  
C a s e  I V  a s  t h a t  o f  
t h e  
' s l e n d e r  T i n g ' ,  s i n c e  i t  c o n f o r m s  w i t h  t h e  s a m e  k i n d  o f  
r e s t r i c t i o n s  a s  t h e  ' s l e n d e r - b o d y '  t h e o r y  a p p l i e d  t o  l i f t i n g  
w i n g  s u r f a c e s ,  d e v e l o p e d  b y  R . T . J o n e s
6
.  
5 .  
T h e  D r a g  o f  S l e n d e r  W i n g s .  
5 . 1  L i m i t s  o f  A p p l i c a b i l i t y .  
E q u a t i o n  ( 1 L )  g i v e s  u s  t h e  e x p r e s s i o n  f o r  t h e  d r a g  o f  
s l e n d e r  
w i n g s ,  i f  
w e  i n t e r p r e t  t h e s e  a s  s a t i s f y i n g  t h e  
r e s t r i c t i o n s  n o t i c e d  7 - b o v e .  
	
O u r  f i r s t  p r o b l e m  i s  t o  
a s c e r t a i n  w i t h i n  w h a t  l i m i t s  2 r a c t i c a l  w i n g  s h a p e s  a r e  
l i k e l y  t o  h a v e  a p p r o x i m a t e l y  t h e  s a m e  d r a g  a s  t h a t  f o u n d  
b y  t h i s  s l e n d e r - w i n g  t h e o r y .  
	
T h e  d r a g  o f  f u l l y - t a p e r e d  
w i n g s  h a s  o n l y  b e e n  e x t e n s i v e l y  c o m p u t e d  f o r  t h o s e  w i t h  
d o u b l e - w e d g e  s e c t i o n s ,  a n d  w e  s h a l l  t h e r e f o r e  b a s e  o u r  
d e d u c t i o n s  o n  t h e  r e s u l t s  f o r  t h i s  w i n g - s e c t i o n .  
F s r  t h e  d o u b l e - w e d g e  s e c t i o n  w i t h  a  m a x i m u m  t h i c k n e s s  
/ a t . . .  
- 17 - 
at a fraction n of the chord, it is shown in A,:)endix IV that 
232 	 'tn (o-n) _ 	 'LC° (1-n)] 	 fn t(o.71 )11 
—7 0 	 (161 
of cot'Ao 	 a (a-1 )n (1-n) 	 (o-n) (:5-1 )n 	 o (o-n) (1-n)   
This expression has been evaluated for n = 0.2(0.1)0.6, and 
the results are shown in firaire 2, where from (1.5)   
D 	 _ /1 _ 1 \2 	  
at cot 22.P11 	 20) qt2cot2A
o 
is shown -3lotted against 
(1/Atan.A.D = 1/(40-2). 2 
It will be seen that over the greater part of the range of 
aspect ratio (for 
	 < 7)9  the forward position of the 
maximum thickness reduces the drag, as opposed to the 
conditions existing for very high as-oect-ratio wings. 
The v,riation in drag with 
2
-1 cotA l  = 
for wings of double-wedge section (with maximum thickness 
at 0.5 chord) is shown in figure 3, where the results are 




-1 cotA, = 0 to include the 
near u
o 
= ON. It will be seen that pr 
the change in drag is under 1004 for val 
lying between 0 and 0.3, so that the sl 
fication near (but 
fact that Dc< p.0  
ovided Atanj 	 L.5, 
UeS Of4/M2  -1 COtAl 
ender-wing approximation 
(11 -.4  0)y is valid over a reasonable range of Mach Number. 
This does not apply to the results of lower aspect ratio. 
'oreover the relative drag of the various sections 
does not vary greatly with Mach Number. 	 This is shown in 
figure 4, where the relative drag is shown for  various 
maximum thickness positions as a function offM2-1'cot.A1, 
/for... 
In other respects the agreement of the 7)resent calculations 
with those of ref.6, for M = 1, is excellent. 
2 
-  1 8  -  
f o r  a  w i n g  h a v i n g  A t a n A
l =  6 .  	
T h e s e  r e s u l t s  a r e  a g a i n  
o b t a i n e d  f r o m  r e f . 1 .  ' ' ' h a t  
c h a n g e  
t h e r e  i s  a
-
o p e a r s  t o  
e m p h a s i s e  t h e  r e d u c t i o n  i n  d r a g  b y  b u t t i n g  t h e  m a x i m u m  
t h i c k n e s s  l i n e  f o r w a r d  -  
w h i c h  i s ,  -
- h y s i c a l l y ,  
w h a t  o n e  
w o u l d  e x p e c t .  
5 . 2  T h e  D r a g  o f  P o l y g o n a l  S e c t i o n s .  
T h e  d r a g  o f  p o l y g o n a l  s e c t i o n s  c a a y  b e  e v a l u a t e d  c u i t e  
e a s i l y  u s i n g  t h e  m e t : l o d  o f  
A o b e n d i x  I V .  
	 F o r  
i n s t a n c e ,  
u s i n g  t h e  r e s u l t s  o f  t h e  A 7 y 7 e n d i x ,  i t  m a y  b e  s h o w n  t h a t  i f  
Z  ( k )  =  n
v ,  
f o r  k
1 - 1  
 <  k  <  k
v  
f o r  a l l  v  =  1 , 2 , . . . 1 J 9  w h e r e  k o  
 =  0 ,  a n d  k .
0   =  
	
t h e n  
2 o  





) ( n - n
n1 + 1
)  s  ( k  , t  )  
,  v  
w h e r e  S I , k )  =  S ( k , f )  
( 9 , - k ) 2  
 T r i l k - k l + ( n ( 1 - k  
( o -
' k )
( o - k  	
c 3 -  
 
 
a n d  n
o  
a n d  n
p + 1  
L r e  t a k e n  a s  z e r o .  
T h i s  f o r m u l a  i s  q u o t e d  f o r r e f e r e n c e  o n l y  a n d  n o  n u m e r i c a l  
e x a m p l e s  h a v e  b e e n  w o r k e d  :  t h e  d r a g  o f  s u c h  s e c t i o n s  m a y  o f  
c o u r s e  q u i t e  r e a d i l y  b e  e s t i m a t e d  n o t  o n l y  f o r  t h e  c o n d i t i o n  
o  
=  0 ,  b u t  f o r  o t h e r  i a c h  N u m b e r s ,  u s i n g  s t a n d a r d  m e t h o d s .  
5 . 3  
D r a g  o f  W i n g  S e c t i o n s  E x p r e s s e d  a s  a  
F o u r i e r  S e r i e s .  
I f  w e  s u o ' b o s e  t h a t  t h e  o r d i n a t e s  o f  t h e  w i n g - s e c t i o n  
a r e  e x r e s s e d  a s  a  F o u r i e r  S e r i e s ,  i . e .  




7 .  
	 V = 1  4 = 0  
( 1 7 )  
Z  ( k )  =  
o a  
1 - 1- 9 s
6   
4 _ ,  
a _  s i n  n e ,  w h e r e  k  =  
n = 1  "  
 
( 1  8  
t h e  d o u b l e  i n t e g r a l  o f  ( 1 4 )  i s  c a p a T o l e  o f  e v a l u a t i o n  i n  
t e r m s  o f  t h e  c o e f f i c i e n t s  a
n
:  t h i s  i s  d o n e  i n  A p b e n d i x  V .  
S o m e  o f  t h e  s i m p l e r  r e s u l t s  m a y  b e  n o t e d  h e r e  :  f o r  
t h e  e l l i p s e ,  a n
= 1 ,  a , .  =  a
3  
 =  =  0 .  F r o m  A p p e n d i x  V ,  
w e  m a y  t h e n  c a l c u l a t e  t h a t ,  
A   
C i t c o t  a - \ 1  
- 19 - 




_(o-1)2 or 	 2 	 r)  qt 	 4 G(0-1) 
The Joukowski section is given by 
Z ) = 	 (1-k )1 3171. 
i.e. a1  = —L— , a, - —2 





.2)77_ = i.i 1+e-2c-' 	 (3  _ e.-2) 
qt cat J\, 
	 27 	 1+e 
f 
where E. is defined in the irevious eauation. 
The 'double-casoedi aerofoil section is given by 
Z(k) = 8r(4-ke- 
i.e. a = -3, a 	 0, 1 	 4 	 2 a = a5 = ...= 0 then 
D 	 = 	 (i+e-2y(2..e 	 ) 
2 	 2 qt cot 	 8 
5.4 Drag of Sections ex-oressed as Polynomials 
The drag of sections whose shape is given by polynol-aial 
ex,)resions involves in its evaluation a great deal of 
labour, and only the sim-)lest exam7des are quoted. 
For the biconvex section, where 
Z(k) = 1(1-k) 
evaluation of the integral (14) reveals that 
-- -(2 
qt cot A 2 	 - 
D [(20-1 Yn. (--L:  -1 1 	 (a--f )n- 	 (22) 
o--1 





-  2 0  -  
E u l e r ' s  d i l o g a r i t b i n i c  i n t e g r a l  L
2 ( x ) .  	
H o w e v e r ,  t h e s e  
t e r m s  m a y  b e  e x p r e s s e d  i n  t e r m s  o f  l o g a r i t h m s ,  i f  n o t e  i s  
m a d e  o f  t h e  i d e n t i t i e s  
L 2 ( x )  
	 1 , 2
( 1 - x )  =  L 2
( 1 )  - .
n i x i n 1 1 - x l .  
0  1  	
_  
L 2 ( 7 ) +
L 2  1  
	
-  
^ 2  
• • • X  
r t a l
E M 1 1 1 2 .   
- t r  
T h e s e  r e l a t i o n s  a r e  a l s o  u s e d  i n  e s t i m a t i n g  t h e  d r a g  
o f  a  s e c t i o n  s u c h  a s  t h a t  g i v e n  b y  
Z  ( k _ )  =  	
k  ( 1 - k  )  
2  
w h i c h  h a s  t h e  ' c o n v e n t i o n a l '  b l u f f  l e a d i n g  e d g e  a n d  a n g l e d  
t r a i l i n g  e d g e :  c a l c u l a t i o n  r e v e a l s  t h a t  
7 0 + 1  
	
; 1  
- - - " - - -  
	 =  	





A ,  	 - 1 6 , c  	
1 — ( 1  
0  	
' c o t h  
( 2 3 )  
5 . 5  
D r a g  o f  R e v e r s e d  S e c t i o n s .  
T h e  w e l l - k n o w n  r e v e r s e d  f l o w  t h e o r e m  a p p l i e s  t o  t h e  
d r a g  o f  t h e  s l e n d e r  w i n g s x
:  t h e  d r a g  i s  t h e  s a m e  i f  t h e  
f l o w  d i r e c t i o n  i s  r e v e r s e d .  
	 T h i s  m a y  e a s i l y  b e  v e r i f i e d  
f r o m  e q u a t i o n  ( 1 4 b )  i f  t h e  v a l u e  o f  




A i )  i s  w r i t t e n  
- 2-   
d o w n ,  a n d  ( 1 - k ) ,  ( 1 - i ) ,  a n d  ( 1 - o )  a r e  s u b s t i t u t e d  f o r  k , t  
a n d  a  r e s p e c t i v e l y :  t h e  r e s u l t i n g  d o u b l e  i n t e g r a l  i s  t h e n  
i d e n t i c a l  i n  b o t h  c a s e s .  
	 T h e  p h y s i c a l  i n t e r p r e t a t i o n  o f  
t h i s  r e s u l t  i s  t h a t  t h e  d r a g  o f  a  s w e p t f o r y a r d  w i n g  i s  t h e  
s a m e  a s  t h a t  o f  t h e  r e v e r s e d  ( s w e p t b a c k )  w i n g  w i t h  a  r e v e r s e d  
s e c t i o n  s h a p e .  
	
A s  t h e r e  a p p e a r s  l i t t l e  i n t e r e s t  i n  t h e  
d r a g  o f  s w e p t f o r w a r d  w i n g s  a t  t h e  m o m e n t ,  n o  d a t a  o n  t h e  
d r a g  o f  s u c h  w i n g s  w i t h  s e c t i o n s  a s y m m e t r i c a l  f o r e - a n d - a f t  
i s  p r e s e n t e d  h e r e .  
	
F o r  w i n g - s e c t i o n s  w i t h  f o r e - a n d - a f t  
/ s y m m o t r y „ .  
x
I t  i s  n o t  e s t a b l i s h e d ,  y e t ,  t h a t  t h e  r e v e r s e d  f l o w  
t h e o r e m  m a y  b e  e x t e n d e d  t o  i n c l u d e  t h e  c a s e s  w h e r e  t h e r e  
a r e  e d g e  f o r c e s  p r e s e n t  ( a s  i n  t h e  a p p l i c a t i o n  t o  t h e  
b l u f f - n o s e d  w i n g ) .  
	
T h e  f a c t  t h a t  t h e  p r e s e n t  w o r k  
i n d i c a t e s  t h a t  t h e  r e v e r s e d  f l o w  t h e o r e m  d o e s  a
-
a p l y  i n  
t h i s  p a r t i c u l a r  c a s e ,  l e n d s  s u b s t a n c e  t o  t h e  b e l i e f  t h a t  
s u c h  a n  e x t e n s i o n  m a y  b e  p o s s i b l e .  
- 21 - 
symmetry, the drag is the same, of course, for the reversed 
(sweptforward) wing. 
5.5 Discussion, 
 of the Results. 
The variation of the drag, with aspect ratio and 
sweepback, of the five sections given by equations (19) - 
(23), is illustrated in figure 5. 	 Once again it will be 
seen that a reduction of the aspect ratio tends to reduce 
the drag of those wings which have a forward position of 
the maximum thickness, as is the case with double-wedge 
wings. 	 Moreover (particularly as the aspect ratio is 
reduced so that the trailing-edge becomes nearly unswept) 
we see that the sections with cuaeed trailing-edges appear 
to have least drag. 
The mathematical explanation of this latter effect 
lies in the fact that the pressure distribution near the 
trailing-edge becomes singular as Atanill 
-1 2. 	 Thus, for 
2 
slender wings with a 'finite trailing-edge angle there is 
a logarithmic singularity in drag at Atanj• = 2 (and of 
course,/M2-1 cotAt= 0) whilst the drag remains finite for 
sections with a cusped edge; a bluff edge, as on the 
elliptic section, produces a simDle singularity at AtanA l= 2. 
However it is doubtful whether this has much physical 
meaning: the theoretically high drag of delta-like wings 
near M = 1 has not been recorded experimentally. 
In figure 6 the drag of the various sections investigated 
is shown in relation to that of the double-wedge wing (with 
maximum thickness at half-chord). 	 The basis of this 
comparison is that the root maximum thickness and half-chord- 
line s.veep is the same for both sections, and the relative 
drag is shown as varying with AtanAl: the comarison serves 
further to emphasise the remarks made previously about the 
effect of maximum thickness position and the trailing-edge 
shai)e. 
A particularly at way of accounting for the effect 
of the maximum thickness position, is to quote the comparison 
as above except that not only the maximum thickness but also 
the sweepback of the maximum thickness line (instead of the 
half-chord line) is the same for both sections. 	 This is 
done in figure 7, where the relative drag on this basis is 
/pi ot';;e d. 
- .  2 2  
p l o t t e d  a g a i n s t  A t a n A ,  a s  b e f o r e  :  h o w e v e r ,  w e  n o w  n o t e  
t h a t  s i n c e  A ,  i s  n o t  t h e  s a m e  f o r  b o t h  w i n s ,  t h e  a s p e c t  
r a t i o  A  w i l l  a l s o  d i f f e r .  
	
T h e  e f f e c t  o f  t h i s  a r t i f i c e  i s  
t o  e l i m i n a t e  t o  a  l a r g e  e x t e n t  t h e  v a r i a t i o n  o f  t h e  r e l a t i v e  
d r a g  w i t h  t h e  p a r a m e t e r  A t a n A  1 .  	
T h e  o n l y  b r o a d  t e n d e n c y  
t o  b e  o b s e r v e d  f r o m  f i g u r e  7  i s  t h a t  f o r  s e c t i o n s  w i t h  
c o n v e x  c u r v a t u r e  a f t  c f  t h e  m a x i m u m  t h i c k n e s s  t h e r e  i s  a n  
i n c r e a s e  i n  d r a g  a s  A t a n . 6  f a l l s ,  w h i l s t  t h e  o p p o s i t e  i s  
t r u e  i f  t h e r e  i s  a  c o n c a v e  c u r v a t u r e  :  t h e  e f f e c t  i s  m o r e  
p r o n o u n c e d  i f  t h e  m a x i m u m  t h i c k n e s s  i s  b a c k  a t  t h e  h a l f -  
c h o r d  -  t h a t  i s ,  i f  t h e  c u r v a t u r e  n e a r  t h e  r e a r  o f  t h e  
s e c t i o n  i s  a l s o  m o r e  p r o n o u n c e d .  
	
F o r  s e c t i o n s  w i t h o u t  
a n y  c u r v a t u r e  ( i . e .  t h e  d o u b l e  w e d g e  s e c t i o n s ) ,  t h e  r e l a t i v e  
d r a g ,  o n  t h i s  b a s i s ,  i s  n o t  g r e a t l y  a f f e c t e d  b y  c h a n g e  i n  
a s p e c t - r a t i o .  
6 .  
S o m e  C o m m e n t s  o n  F u t u r e  W o r k .  
I t  w i l l  b e  e v i d e n t  t h a t  e v e n  i n  t h e  c a s e  o f  t h e  s l e n d e r  
w i n g ,  a n d  w h e r e  t h e  s e c t i o n  s h a p e  m a y  b e  e x p r e s s e d  i n  a  
c l o s e d  f o r m ,  c o n s i d e r a b l e  e f f o r t  i s  r e a u i r e d  t o  o b t a i n  a n  
e x p r e s s i o n  f o r  t h e  d r a g .  
	
T h e r e  s e e m s  n o  d o u b t  t h a t  f o r  
o t h e r  w i n g  s h a p e s  o r  M a c h  N u m b e r  c o n d i t i o n s ,  w h e r e  t h e  
v a r i a t i o n  o f  a  m u s t  a l s o  b e  t a k e n  i n t o  a c c o u n t  ( i n  w h i c h  c a s e  
t h e  k e r n e l  o f  t h e  d o u b l e  i n t e g r a l  i s  f a r  m o r e  c o m p l i c a t e d ) ,  
a n d  w h e r e  t h e  w i n g  s e c t i o n  ( i f  d e s c r i b e d  e v e n  b y  a n  
a p p r o x i m a t i n g  c l o s e d  f o r m  o f  e x p r e s s i o n )  i s  m o r e  i n v o l v e d ,  
t h e  e v a l u a t i o n  a n d  c o m p u t a t i o n  o f  t h e  d o u b l e  i n t e g r a l  f o r  
t h e  d r a g  p r e s e n t s  a  t e d i o u s  p r o b l e m .  
B e a r i n g  t h i s  i n  m i n d ,  s o m e  w o r k  h a s  b e e n  d o n e  t o  f i n d  
t h e  b e s t  m e t h o d  o f  p e r f o r m i n g  a  n u m e r i c a l  i n t e g r a t i o n  o f  
t h e  d r a g  d o u b l e - i n t e g r a l .  
	
T h i s  i n  i t s e l f  p r e s e n t s  a  p r o b l e m  
a s  p r o p e r  a c c o u n t  h a s  t o  b e  t a k e n  o f  t h e  s i n g u l a r i t i e s  i n  
t h e  i n t e g r a n d  :  i f  t h e  w i n g  e d g e s  a r e  s u b s o n i c ,  w h i c h  i s  t h e  
c a s e  o f  m a i n  i n t e r e s t ,  t h e  r a n g e  o f  i n t e g r a t i o n  i s  o v e r  t h e  
u n i t  r e c t a n g l e ,  w i t h  a  l o g a r i t h m i c  s i n g u l a r i t y  a c r o s s  a  
d i a g o n a l  ( k  . - s t )  a n d  ( i f  t h e  v : i n g  i s  b l u f f  n o s e d )  w i t h  a  
s i n g u l a r i t y  o f  h a l f - o r d e r  a l o n g  e a c h  o f  t h e  t w o  a d j a c e n t  
s i d e s .  
	
H o w e v e r ,  t h e  f o r m u l a  f o r  n u m e r i c a l  i n t e g r a t i o n ,  
o n c e  s e t  d o r m ,  i s  a p p l i c a b l e  w h e t h e r  o r  n o t  a n  e x p r e s s i o n  
f o r  t h e  w i n g  s h a p e  i s  k n o w n  i n  a  c l o s e d  f o r m ,  a n d  t h e  v a l u e  
o f  t h e  k e r n e l  o f  t h e  d o u b l e  i n t e g r a l  ( i n d e p e n d e n t  o f  t h e  
e x p r e s s i o n s  f o r  t h e  s u r f a c e  s l o p e )  m a y  q u i t e  e a s i l y  b e  
a s s i m i l a t e d  w i t h i n  t h e  w e i g h t i n g  f a c t o r s  o f  t h e  f o r m u l a e .  
/ T h i s . . .  
-23 - 
This method of computation therefore promises to be easy 
to apply, once the rundamental calculations are complete. 
The method has something in common with Beane's approach 
to the problem of the drag of a tapered biconvex wing' by 
using an approximating polygon to the section, but is likely 
to be easier to a7p1y, and to be a more a:;c,Irate -,nd more 
flexible method. 
As the problems of the method are peculiar to the 
subject of Numerical Integration, it has been thought 
desirable to discuss these in a separate report, which it 
is hoped will shortly be published. 
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A p p e n d i x  
M a t h e m a t i c a l  F o r m u l a t i o n  o f  t h e  E x p r e s s i o n  f o r  t h e  D r a g .  
A  u n i f o r m  p l a n e  d i s t r i b u t i o n  o f  s o u r c e s  i n  t h e  p l a n e  
z  =  0 ,  b o u n d e d  u p s t r e a m  b y  t h e  l i n e s  =  +  ( x - O  f o r  x  
w i l l  p r o d u c e  ( i n  t h e  p l a n e  o f  t h e  s o u r c e s )  a  p r e s s u r e  
•  
d i s t r i b u t i o n
2  
 g i v e n  b y  
; z 8  
2 e  q  
T \ L I .
+  c o s h
-  ( x - E
L
) + 4 2  ( Y / m )   




4 1 x - E - ( s / m ) 1  
	
x - E - + Y .   I  	
S I )  
r n  
w h e r e  H ( j )  =  1  i f  j  
	
0  a n d  H ( j )  =  0  i f  j  <  0 ,  a n d  w h e r e  
j  =  ( x - E )  -  P I Y I  i f  
u ,  <  
1  	
)  
=  ( x - )  	
( 1 5 7-
1 / m )  i f  1 1  >  1  S  
T h i s  e x p r e s s i o n  m a y  b e  w r i t t e n  m o r e  c o n v e n i e n t l y  a s  
7: 3  	
=  	
c o s h
- 1 1  ( 2 -
'1
2 ) ( x - " 2 - 3 2 Y 2
. 1 i ( j )  
i
- - - 2 N  
2 8  q  	
1 . ' 1 1   - 4  
	
1 4 , ( x _ 0 2 _ , 2 A L  
=  g  ( x - E ,  
y  1 ,  
m ) ,  s a y .  
T h e  q u a n t i t y  e  w i l l  b e  t e r m e d  t h e  s o u r c e  p l a n e  s t r e n g t h ,  
a n d  i s ,  i n  f a c t ,  r e l a t e d  t o  t h e  a n g u l a r  d e f l e c t i o n  o f  t h e  
f l o w  n o r m a l  t o  t h e  s o u r c e  p l a n e  :  w e  h a v e  t h a t  
l i m
w  
=  ( s g n  z ) U s  
	
( 3 )  
C o n s i d e r  n o w  t h e  f o l l o w i n g  s u p e r p o s i t i o n  o f  s o u r c e - p l a n e s  :  
( i )  
a  s o u r c e - p l a n e  b a n d e d  b y  y  =  + m ( 0 ) x  o f  s t r e n g t h  z
T ( 0 )  
( i i )  
a  d i s t r i b u t i o n  o f  s o u r c e - p l a n e s  b o u n d e d  b y  y  =  + m ( E ) ( x - E )  
o f  i n f i n i t e s i m a l  s t r e n g t h  z " ( E ) d E ,  f o r  a l l  0  K  E  	
c .  
( i i i ) a  s o u r c e - p l a n e  b o u n d e d  b y  y  =  + m ( c )  ( x - c )  o f  s t r e n g t h  
z '  ( c ) .  
F u r t h e r ,  w e  s u p p o s e  t h a t ,  i f  s  
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/ ( s g n  z ) . . .  
( 1  )  
( 2 )  
- 25 - 
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m(0 d+I0
zn(0 [(x- 4=irclo7)
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Performing the integration, we find that, for iyi 	 s 
I = 0 if x < .V(.15-7 or x > 11 )  + c z 0 m c
(sgn z)U 
	 0) 	 S Al- J-Z1)] if 
l  





Hence the sui.Derposition of source-planes described above 
satisfies the boundary conditions for an arrowhead wing of 
semi-span s, with root chord c9  and with swept-back leading 
and trailing edges. 
	
The leading edge is the lines lyt=m(0 )x, 
and the 	 section is geometrically similar at all spanwise 
-,,Dosition.s„ the surface at the root being given by j*z(x), and 
the surface slope being everywhere continuous. 
From (2), the pressure distribution on this wing is 
given by 
a3- 62-1-3  = z' (0)g[x, 1 yl ra(0)] + Cc z"(Og[x-t".., iyi,m(c)1 dC 2 q 
	 /0 
-z 1 (c)glx-c,Iyi,m(c)] 	 (6) 
The drag force on the wing is found to be 
dx D = 	 dyjrn 	 6) 	 ft1L-7-\1:2) z (x- 2r(o))/(1- Zs) 1) 
m(o) 
For convenience we shall now change the notation and 
variables, as detailed below. We put 
a = ;3s/c, 	 a = 	 (0), (a) = 	 7?(1)  kc/' 
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= an + (1 -TA 
	
s= r1 9 	 = k 
/where 
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S i  
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( 8 )  
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/0 	 JO dr1 	 Z"(k)(1-n)h(A,K,- 
The function Z " (k ) (1-1.-1 ) (A) <, ) is continuous \Fri thin the 
range of integration except along certain lines, k = constant, 
and the integral of it with respect to k between k = 0 and 1 
is convergent for alp. 1-1 between 0 and 1, -orovided. that 	 (k) 
is nowhere singular (wLich is a necessary conditi. for the 
applica-hility of the linear theory). 	 Thus we may interchange 
the order of integration, and (13) may be written as 
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( 1 4) 
where 
I (A, K.) = 	 (1-T)h (AOC, T, )thl 
0 
If we put 
J
--  1 cash -2X (ri ) = 	 7-7==-5-- (1 --9 ) dil  
4 e• ""c'-' 
then, from (12) in (15), we have that 
IWK) =CD iJ(1) 	 J(0)1 if , < K 
t J(1) -6 ,7. --1E 	 if A > K 
= 0 	 if A > K 9 i• < a. 
But, in (16), integrating by parts 
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s g n  
 (
K t  
 _  
	
a  +  
K )  
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) = 	 14, (v.."- 	 2K 	 Aa_ 	 cosh-1 / 2 2 ±  (IC+A) 	 ) 	 (A+K).rx2-Tri, 	 + — 
Substitution of these expressions in (17) will yield the 
appropriate form of I (rk, K), which is in general discontinuous 
at K = A , where it has a logarithmic singularity and at 
K= a. < A, where there is a simple discontinuity in its 
derivative with respect to K . 
	
Let us now -put 
I (A9 k') = 	 (A, K) for 14; 	 > 
aK I(toc) = i2 (,K) for K < A .('/ a) .S 
	 (22) 
Then both I1  (A, K) and I2  (A, r) have , simple singularities at 
K=A and a discontinuity at 	 TTsing these definitions in 
(14), we have on integrating by Darts with respect to K, and 
taking the principle part of the improper integrals, that: 
2 -1 23 	 1 m ZI 	 e.i0 	 )1(9A+c )-Z (-t+c )I (>t,X-c ) 
[rn (0 ) 1-27 = 	 JO 
3:4  
1  (0--0.)I cA) a—s 	 +2 (0—C1 ) I (A +8 	 +i V  Z' (k)I1  (A,K)dk Aic 0 
1 Z (k ) 2 (A, K) dk.1 
	
(23) 
Now, f2om (17), (19 )„ and (20), if A > 	 for sufficiently 
small s, 
2 2 7  
	
1 	 + 	 1 	 -fn  2 (A -0  





	 0, in (1+0 (e ) 
2 72:--r7 	 crF, 	 24)11 -  — 	 A 
I 	 c+6 	 = 0 (c ), and I (A, 0-e )1 
If A <. a, again for sufficiently small c, 
I r\,,A+,-:; 	
242-x2" 	 (v) 
/Thus... 
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) 4 )  
E x c l u d i n g ,  f o r  t h e  m o m e n t ,  t h e  r a n g e  o f  m  s u c h  t h a t  
o  	
0 - 1  ( s o  t h a t  1
2  
i s  d i s c o n t i n u o u s  w i t h i n  t h e  r a n g e  o f  
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;  
	
Z '  ( k )
1 2  
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The expression contained within the curly brackets in the 
last expression may be shown (see Appendix II) to be identically 
zero) 
 so that on substituting from (25) in (24), 
02 1  H(G-2,0z,12cle 
4n(A2t2 	
• 0 
202 r1 IA 
+ 	 V (-02:7 jI1()K) + 12 (K9 A ) dk 
7C T 	 0 
(26) 
where the integrand of the second integral has now only a 
logarithmic singularity at K =, . To find the values of 
I1  (A9  K) and I2 / (N K) we recuire the values of 
a3- y1)  
af< 
	  
K6,e+A) 2X2 	 A K2-a2 	 2K sgno-m)  
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2!< sgn - >
►)  ( 2 )n K2 ) cosh-1 sgn (I( -A) 
	 " 
2 2 
(A+K) 2 2-0 -a2 K2 
 
20;1‹ 	 (27) 
and 	 (o ) 	
;2 
	 A -4-2KA-1 .2  
n 	 n 0 
ak 	 (K+Ay	 (A+ v)21 
	 r,K, 	 1.4:-+2K-),2 1
cosh-1 >2 
 2 /7r-751 22 
	  t._4 	 X2-1-2)‹-K2  
„ cosh-1  
+KY:42-j
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 [A+K a 







a lc 	 c 
a 
12 
 (A, K) 	 raj CI )11-i (PC- 	 (K < l<  
Using (27) and (28) in (29) to find II  (X;  K) and I2  (A,1), and 
substituting for II  (AA) and I2  (Ks X) in (26) we may then 
write down our general expression for the drag. 	 If o 	 0-1, 
then equation (2L) mast be used in place of (26). 	 We may 
conveniently consider the precise form of this expression in 
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that I2 (A9K) = I2 
 (k9?%) = 0. 	 Thus in (26), putting 
I1 (A9K) = Q(A9K) say, 
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To find 0, (A, ic) we must find the value of Ti  (Apo< ) for A < K <o; 
in doing this we note that in (27), 
A -ct 2 -1 /Al< r,2' < -1, so that I cosh 
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Thus we may calculate from the equations (27) and (28) in 
(29) that 
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CASE III Leading edge subsonic, and trailing edge supersonic. 
In this condition we use equation (2L) in place of (26) 
and since 0 < c-a, < 1, so that (cf-A) is -,7ositive if 
1 	 L „> a-a, the first integral in this equation become s 
Cl "(a- 	 [Z' 1124 = 
1 	 rz t 	 .)-J1 2 cr
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In the second (double) integral, we note that the integrand 
is (within the range of integration) continuous except for 
a discontinuity at K = a. 
	
It should be noted that the 
individual 
 terms of the expressions for I1  (A,► ) and I2  (A, V..) 
have simple singularities at A = a or K = a though these 
singularities do not occur in I1  or 12  regarded as a whole. 
Now for k' < A and also i< < 0.9 it follows from (29) 
that :1- 2  (A9)c) = 0 so that in (24) 	 , 1 
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Note that these expressions are not defined for a = 0-1 or 
a = a, although the value of D for either of these conditions 
may be computed as the limiting cases, for r.4 a-1 or o. 
	
In 
ecuation (35) we have that P(A,K) and Q(A,K) are given by the 
equations (32) and (34) above, and R(?k,K) is the value of 
I1 (A,14) for A < c < K: i.e. from (27), (28) and (29) 
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Appendix II 
Proof of an Integral Identity 
We shall here nrove the identity 
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C  a n d  a ,  a n d  i n t e g r a b l e  o v e r  ( 0 , a ) .  
A p p e n d i x  I I I  
T h e  E d g e  F o r c e  
T h e  a r g u m e n t  w h i c h  l e a d s  t o  t h e  n e g l e c t  o f  t h e  t e r m s  
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g i v e n  i n  A p p e n d i x  I I ,  w h e r e  i t  i s  s h o w n  t h a t  t h i s  n e g l e c t  i s  
c e r t a i n l y  j u s t i f i e d  i f  t h e  f u n c t i o n  f ( t )  o f  t h e  A p p e n d i x  I I  
i s  c o n t i n u o u s  a t  t h e  e n d  p o i n t s  o f  t h e  i n t e r v a l  o f  i n t e g r a t i o n  
( i . e .  a t  
	
=  0  a n d  a ) .  
	 N o w  i n  e a u a t i o n  ( 2 5 )  o f  A p p e n d i x  I  w e  
i d e n t i f y  t h i s  f u n c t i o n  f ( ' )  w i t h  
	 ( f ) C ( X ) ,  w h i c h  f r o m  i t s  
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/ A p p e n d i x  I . . .  
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Appendix I, may be shown to equal 
{z MI 2/ 2177 
This is, in general, continuous at the end points 	 = 0 and 
i of the range of integration, provided that the slope of 
the aerofoil section is continuous at the nose and the trailing 
edge. 	 This is the assumption in Appendix I, and it is this 
fact which justifies the use of the results of Appendix II. 
However if the slope at either of these end points is infinite, 
then the arguments we have used must break down. 
Let us suppose, for example, that Z'(K)•,ti- a-1 as k-k 
1171  
which describes the usual type of singularity associated with 
a bluff nosed aerofoil. 
	
We shall attempt to deduce equation 
(26) of Appendix I from equation (24) for this case, where the 
previous arguments used no longer apply. 	 Similar reasoning 
to the following may be used to discuss what happens if Z' (k) 
is singular at k --, 1 (i.e. if the wing section has a bluff 
trailing edge). 
Suppose we subdivide the range of integration of the 
repeated integral in equation (2L) of Appendix I: 
im 
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Using arguments similar to those employed in deducing equation 
(26) from (24) of Appendix I, we may show that 
340 7 	 l iM —8 11 ...t (t) 	 [141 	 (k)Ii  (A,K)dk+1 	 (k)I2(A,K)dk dt 3 	 6 	 t+e 
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These arguments, including the results of Appendix II, are 
justifiable since Z' (k) and Z' (q) have no singularities in 
the range of integration. 
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However, the corrected equation (25) of Appendix I is 
no longer the complete expression for the drag, since it omits 
the edge force acting on the wing, which is not included in 
the integrations of the pressure over the wing surface. This 
edge-force is given in reference 5 as a force normal to the 








per unit length 
where r
n 
is the nose radius measured normal to the leading edge. 
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s271 
Comparing (9) with (8) we see that the contribution of this 
edge force exactly cancels the additional term arising from 
the integrations when the leading edge is rounded. 	 Hence, 
we deduce that equation (25) of Appendix I, in the form given 
in that kopendix, is the correct expression for the total drag 
whether or not the leading edge of the wing section is rounded; 
if the leading edge is round, we have seen that the derivation 
of this equation leaves out a term which however is equal and 
opposite to that obtained from the edge force, which should 
also properly be included. 
Appendix IV 
Integration of the Expression for the Drag of a Double-Wedge  
Section 
7e have to evaluate the integral of equation (39) of the 
Appendix I: 
02 11,1 
cicm(017  . 77
1 ziCk)Z1(e)  (c7:1)411 u-k)(0-Odkat(1) 0 0 	 /for... 
11 -[32m2 
	 ,17-\4200E27_ 0 
(8)  
o 	 17 	 cos  cos 
(9)  
Z ?  ( k )  =  
	




- n  
1  
f o r  n  1 5 :  k  
	
1  c  
( 2 )  
-  	
-  
f o r  t h e  c o n d i t i o n  
N  o w ,  
F n   o - k  
 d k  =  1 ( k - o ) t n ( o - k )  +  ( ( - k ) t n 1  
	
1 1  
a n d  
t i l l  	
- -( Cct - C l &  	
t n ( 2 :-3 F 0 p a c f -TYk   
+  i t n (
2 = 1   
o - k )  
+  
k -  
t h a t  i s ,  
o - k I  d k d t  _  
l k — t ( c — t )
2   
t r l  i k - t  






( L ) ) k
- t \  
( 3  
- i
( 3
4 V n  ( 0 - k  ) 4 - t n  ( o -
o - t  
	 k - t .  
f l
,
[ ( k _ f ; ( 0 - k ) i
-
t i : 7-
f r i r c t l d - k d  
	
( 3 )  
W e  n o t e  t h a t  
2  	
2   
( k - f )  ( o - k )  	 ( k - A l 2  	
( o - k )  
' 	 t n (  o - k  ) . . .  	
1  	
4 )  d k d .
1  r l  
=  j  Z ' ( k ) V ( C [  
	
" - k - t  
	
-  
2   2   f n i -2
= 1  d k d . =  0  ( 4 )  
o  o  
	 ( k - t )  ( o - k )  ( o - t )  	
( k -  t )  	 o - k  
a s  w e  m a y  s e e  b y  i n t e r c h a n g i n g  f i r s t  t h e  o r d e r  o f  i n t e g r a t i o n  
a n d  t h e n  t h e  s y m b o l s ,  w h i c h  i s  j u s t i f i a b l e  s i n c e  t h e  i n t e g r a n d  
i s  r e g u l a r  o v e r  t h e  r a n g e  o f  i n t e g r a t i o n .  
U s i n g  e q u a t i o n s  ( 1 )  t o  ( 4 ) ,  i t  f o l l o w s  t h a t  t h e  d r a g  m a y  
b e  e x
-
r e s s e d  a s  
o o  






a  a  
o t _  ( k  	
)  
0 = 1  q = 1  P  
( 5 )  
c a r n ( 0 )
J 2
t 2  
 
w h e r e  
a 1 =  
-  
i i  3  a
2  =  n ( 1 - n )  3  a
3  =  -  1 - n  3   
k i ,  f i   =  0 ;  k 2 ,  e 2   , - - _  n ;  k 3 , - e 3  
 =  
1 ;  
a n d  f  ( k , 4 )  =  f . _  
+ - I  I  t n ( Q + G -
1- fn i n  l k - - 4  1  - ( Pc 5= - -,. . f l  I n  ( 0 - k  ) + _ n o 4  .  
- 41 - 
We note that 
,t(k, ) = 0 
and 	 (k,1 ) 	 ( k ) = 
	
-k}2 
	 tn 1k4 	 tn(o-k)+(L4 (a P) 
(a- f) (a-k) 	 a-t 	 \a-k.! 
= S (k, )9 say. 
Thus in (5), 
1 
ES (0, 1 ) - 1— S (0, n) - 1- S (n, 1 ) in (1-n) 2  






I  to a + I tn (a-1 )_ 	 n 	 fn n+ 1 n a- lti(o-n) 
/cn (1-n)[ 0-1 	 a 	 a (o-n) 	 a-n 
(1-n)  P tn(1-n)+ -1-tn(a-n)- 1  CL (0-1 ) 
) (a-n) 	 0-1 	 a-n 
202 	 fn (-n) 	 - 
	
n (cy (1 -n 	 _ 	 -1 ) nj  
a (0-1 )n(1 -n) 
	
(a-n) (a-1 )n 	 a (a-n) (1-n) 
Appendix V 
Integration of the Expression for the Drag of a Ting Section 
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(I /A tan ..A1/2 ) 
D= DRAG, q— DYNAMIC HEAD, t = ROOT MAXIMUM THICKNESS, A= ASPECT RATIO, 
HALF—CHORD SWEEPBACK ANGLE. 
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cot AI/2  
DRAG OF WINGS WITH DOUBLE-WEDGE SECTION 
(MAXIMUM THICKNESS AT 0- 5 CHORD) 
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DRAG OF SLENDER WINGS OF VARIOUS ELEMENTARY SECTIONS 
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RELATIVE DRAG OF VARIOUS WING SECTIONS ON A SLENDER 
WING WITH SAME SWEEP ON MAX, THICKNESS LINE 
AND SAME WING THICKNESS AT ROOT 
